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Abstract 

Let Ar be the minimal resolution of the type A,, surface singularity. We study the 
equivariant quantum cohomology ring of the n-fold symmetric product stack [Sym"(^r)] 
of Ar- We calculate the operators of quantum multiplication by divisor classes. Under 

Othe assumption of the nonderogatory conjecture, these operators completely determine the 
ring structure, which gives an affirmative answer to the Crepant Resolution Conjecture 
\f) on [Sym"(^r)] and Hilb"(^r). More strikingly, this allows us to complete a tetrahedron 

of equivalences relating the Gromov-Witten theories of [Sym"(^r)]/Hilb"(^r) and the 
' relative Gromov-Witten/Donaldson-Thomas theories of Ar x P^. 

Contents 

Overview [1] 

^ 0.1 Results m 

'— ' 0.2 Equivalence with other theories |2] 

^ 0.3 Outline of the paper |3] 

0.4 Notation and convention |3] 

Pn| 1 Resolutions of cyclic quotient surface singularities |4] 

2 Chen-Ruan cohomology |5] 

2.1 Inertia stack |5] 

^ 2.2 Bases |7] 

^ 2.2.1 A description |7] 

~. 2.2.2 Fixed point classes E] 

> 

3 Extended Gromov-Witten theory of orbifolds 1101 

3.1 The space of twisted stable maps [TU] 

3.2 Gromov-Witten invariants [11] 

3.3 Connected version [T^ 

3.4 Orbifold quantum product [12] 

4 Divisor operators 1141 

4.1 Fixed loci [H] 

4.2 Valuations [17] 

4.3 Counting branched covers [20] 



* Department of Mathematics, California Institute of Technology, Pasadena, CA, USA. 
Email address: keng@caltech.edu 



ii Wan Keng Cheong 



4.4 Localization contributions 

AAA Reduction 

4.4.2 Set-ups for localization [21] 

4.4.3 Virtual normal bundles [23] 

4.4.4 Vanishing and relation to connected invariants [M] 

4.5 Combinatorial descriptions of two-point extended invariants [2H] 

5 Comparison to other theories 1311 

5.1 Relative Gromov-Witten theory of threefolds [3T] 

5.2 Quantum cohomology of Hilbert schemes of points [55] 

5.2.1 Nakajima basis [35] 

5.2.2 Quantum cup product [33] 

5.2.3 SYM/HILB correspondence [33] 

5.3 An example [M] 



6 The Crepant Resolution Conjecture 

6.1 Nonderogatory Conjecture [36] 

6.2 Multipoint functions [57] 

6.3 Closing remarks [551 

Acknowledgements 
References 



Orbifold quantum cohomology of the symmetric product 1 



Overview 
0.1 Results 

In physics, it is behaved that the string theory on a quotient space and the string theory on 
any crepant resolution should belong to the same family. Over the years, this principle has 
been put into various mathematical frameworks. Among them, we are particularly interested 
in the formulations pioneered by Ruan in the context of Gromov-Witten theory (see e.g. [R[ 
lBGl[C5lTl[C5R] V 

Let Ar be the minimal resolution of the type Ar surface singularity. The symmetric group 
&n acts on the n-fold Cartesian product A^ by permuting coordinates. Thus, we obtain a 
quotient scheme Sym"(^r) ■— A"/&n, the n-fold symmetric product of Ar, and a quotient 
stack [Sym"(^r)], the n-fold symmetric product stack of .4^. The stack [Sym"(^j.)] is a smooth 
orbifold, whose coarse moduli space is none other than the symmetric product Sym"'(^r)- 

In this article, we compare the equivariant orbifold Gromov-Witten theory of the symmetric 
products of Ar with the equivariant Gromov-Witten theory of the crepant resolutions in the 
spirit of Bryan-Graber's Crepant Resolution Conjecture |BG| . 

Let r=:C^ xC^ be a two-dimensional torus. The (localized) T-equivariant cohomology 
of a point is generated by ti and ^2- Our main objects are the 3-point functions 

((ai, a2, a3»f"''"^"<-^'-^l e Q{h,h)[[u, s^, . . . , s,]] 

which encode 3-point extended Gromov-Witten invariants of [Sym"(y^r)] (see ( |3.6[ )). These 
generating functions add a multiplicative structure to the equivariant Chcn-Ruan cohomology 
Qj.j^([Sym"(^r)]; Q)- The multiplication so obtained is called the small orbifold quantum 
product. 

The quotient space Sym"(^r) admits a unique crepant resolution of singularities, namely 
the Hilbert scheme Hilb"(^r) of n points in Ar- The T-equivariant quantum cohomology of 
Hilb"(ylr) has been explored by Maulik and Oblomkov in |M01] . so we need only deal with 
the quantum ring of the orbifold [Sym"(ylr)]- We fully cover 2-point extended Gromov-Witten 
invariants of [Sym"(^r)] and find that the calculation of these invariants is tantamount to 
the question of counting certain branched covers of rational curves. Our discovery can be 
summarized in the following statement. 

Theorem 0.1. Two-point extended equivariant Gromov-Witten invariants of [Sym"' (Ar)] are 
expressible in terms of equivariant orbifold Poincare pairings and one-part double Hurwitz 
numbers. 

One-part double Hurwitz numbers, as shown by Goulden, Jackson and Vakil |GJVj . admit 
explicit closed formulas (c.f. ( 4.30| )) and therefore Theorem 0.1 provides a complete solution 



to the divisor operators, i.e. the operators of quantum multiplication by divisor classes. These 
operators correspond naturally to the divisor operators on the Hilbert scheme Hilb"(^r): 

Theorem 0.2. After making the change of variables q — — e*", where = —1, and extend- 
ing scalars to an appropriate field F , there is a linear isomorphism of equivariant quantum 
cohomologies 

L : i^^,,,,([Sym"(A)];F) ^ ff^ (Hilb"(A); i^) 

which preserves gradings, Poincare pairings and respects small quantum product by divisors. 
In other words, for any Chen-Ruan cohomology classes ai,a2 and divisor D, we have the 
following identity for 3-point functions: 

((ai,7^,a2)>['^"""^-^'-)i = (L(ai),L(Z?),L(a2))™"^"(-^'-). 
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Here (— ,— ,— )^'"^ are the ^-point functions o/Hilb"(^r) in variables ti,t2, q, si, . . . , Sr 



(see (5A\) 



In addition to the relation to the Hilbert schemes, the orbifold theory is in connection with 
the relative Gromov-Witten theory of threefolds: 

Theorem 0.3. Given cohomology-weighted partitions \i{fji), \2{'n2) of n and a ~ 1(1)", (2) 



or Dk, fc = 1, . . . ,r (see Section 2.2.1 and Section 5.1 for the corresponding classes), we have 



where the right hand side is a shifted partition function (c.f. (5.1 



0.2 Equivalence with other theories 

The above theorems form a triangle of equivalences. We can include the Donaldson-Thomas 
theory to make up a tetrahedron. In fact, Theorem |0.2| and |0.3| in conjunction with the results 
of [Ml IMOll IM02j ■ establish the following equivalences for divisor operators. 

Orbifold quantum 
cohomology of [Sym(^r)] 



Relative / \ \ Relative 

Gromov-Witten ^--^^-c" - - - - -\ - - Donaldson-Thomas 
theory of Ar x theory of Ar x 

Quantum cohomology 
of Hilb(A) 
Figure 1; A tetrahedron of equivalences. 



The nonderogatory conjecture (Conjecture 6.11 of Maulik and Oblomkov implies that the 



quantum ring will be generated by divisor classes, and so the linear isomorphism L in Theorem 



0.2 will be a ring isomorphism. 

Before the study of the Gromov-Witten theory of [Sym"(y^r)], the case of the affine plane 
was the only known example for the above tetrahedron to hold for all operators (c.f. |BG|, 
IBPl lOPll IOP2j ). If the nonderogatory conjecture is assumed, these four theories will be 
equivalent in our case of Ar as well. The base triangle of "equivalences" is the work of Maulik 
and Oblomkov. And the triangle facing the rightmost corner is worked out in this paper: 



"Proposition" 0.4. Let L he as in Theorem 0.2 and Xi{f]i), \2{'r]2), -^3(7/3) any cohomology 



weighted partitions of n. Assuming the nonderogatory conjecture, the identities 

((Ai(rfi), A2(772), A3(r/3)))[^^'""(-^'-)l - (L(Ai(r/i)), L(A2(r72)), L(A3(r/3)))™'^"(-^'-) 

= GW(A X P^)Ai(^i),A2(^2),A3(^3) 

hold under the substitution q — — e*". 

Once the WDVV equations are used, we can make a more general statement on [Sym"(^r)] 
and Hilb"(A)- 
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"Proposition" 0.5. Let q — — e™. Assuming the nonderogatory conjecture, the map L, 
in Theorem equates the extended multipoint functions of [Sym"'(^j.)] to the multipoint 
functions o/Hilb"(^r)- Moreover, these functions are rational functions inti,t2, q, si, . . . , Sr- 
(Multipoint functions are those with at least three insertions). 

This answers positively the Crepant Resolution Conjecture, proposed by Bryan and Graber, 
on the symmetric product case. We will see that "Proposition" |0.4| and |0.5| are valid in the 



case of n = 2, r = 1 even without presuming the nonderogatory conjecture (c.f. Section 5.3 1 



0.3 Outline of the paper 

The aim of Section [T] is to give a brief introduction to the resolved surface Ar and collect some 
basic facts required for the paper. 

In Section [2] we recall Chen-Ruan's orbifold cohomology for a symmetric product and 
construct certain bases for the T-equivariant orbifold cohomology. We also present an algorithm 
to express these bases in terms of T- fixed point basis. 

Section [3] is devoted to reviewing some background on orbifold Gromov-Witten theory and 
defining extended Gromov-Witten invariants and their connected counterparts. 

Section |4] is the main theme. We calculate 2-point extended invariants of nonzero degrees 
by virtual localization. The results we obtain prove Theorem |0.1| and allow a combinatorial 
description of any divisor operator for [Sym"(^r)]- 

In Section |5] we prove Theorem |0.2| and 0.3 We also exhibit a simple example (n = 2, r = 1) 
for which the correspondence in Theorem |0.2| is actually an isomorphism of quantum rings. 

In Section[6j a certain nondegeneracy conjecture is described. Under the assumption of this 
conjecture, an equivalence between the equivariant Gromov-Witten theories of the symmetric 
product stack and the Hilbert scheme of points will be obtained and so will "Proposition" |0.4[ 
In the end, we discuss multipoint functions of [Sym"(y^r)] and the full version of the Crepant 
Resolution Conjecture ("Proposition" 0.5). 



0.4 Notation and convention 

The following notations will be used without further comment. Some other notations will be 
introduced along the way. 

1. To avoid doubling indices, we identify 

A\X) = H^\X;Q), A,{X) = H2^{X■,Q) and A{X;Z) = H2,iX;Z), 

just to name a few, for any complex variety X to appear in this article (note that we 
drop Q but not Z). They will be referred to as cohomology or homology groups rather 
than Chow groups. 

2. An orbifold X is a, smooth Deligne-Mumford stack of finite type over C. Denote by 
c : X X the canonical map to the coarse moduli space. 

3. For any positive integer s, fis is the cyclic subgroup of of order s. 

4. For any finite group G, BG is the classifying stack of G, i.e. [Spec C/G]. 

5. (a) T = (C^)^ is always a two-dimensional torus. 

(b) ti, t2 are the generators of the T-equivariant cohomology (point) of a point, that 
is, ^^.(point) =Q[ii,t2]- 
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(c) = V (E)Qit,,t2] Qih,t2) for each Q[ii, isj-module V. 

6. Given any object O, O" means that O repeats itself n times. 

7. For i = 1,2, ej is a function on the set of nonncgative integers such that 



ei{m) 



if m < i; 

1 if m > i. 



8. Given a partition cr of a nonnegative integer. 

(a) £{a) is the length of a. 

(b) Unless otherwise stated, a is presumed to be written as 

a = ((Tl, . . . ,(T£(o-))- 

To make a emphasis, if a/, is another partition, it is simply (afei, . . . , (Tkt{ak))- 

(c) |cr| = n if iJi H h u(,(„) = n. 

(d) Let d := (ai, . . . , a^(CT)) be an £((T)-tuple of cohomology classes associated to a so 
that we may form a cohomology-weighted partition fT(a) := ai{ai) ■ • • o'i(^a-){cti{a-))- 
The group Aut{a{d)) is defined to be the group of permutations on {1, 2, . . . ,€(cr)} 
fixing 

( ((Ti.ai )...., ((7(,(^),af(^)) ). 

Let Aut(tT) be the group Aut((7(a)) when all entries of a are identical. Its order is 
simply n"^^ mi! if a = ,...,71™"). 

(e) o(cr) = lcm(|(Ti|, . . . , |(T£(cr)|) is the order of any permutation of cycle type a. 

(f) (2) := 2) and 1 := (1") are partitions of length n— 1 and length n respectively. 

1 Resolutions of cyclic quotient surface singularities 

We fix a positive integer r once and for all. Let the cyclic group Hr+i act on by the diagonal 
matrices 

where C S Hr+i- The quotient V? / fir+i is a surface singularity. We denote by 

its minimal resolution. It is actually well-known that tt can be obtained via a sequence of [^^J 

blow-ups at the unique singularity. The exceptional locus Ex(7r) of tt is a chain of (— 2)-curves, 
UI=i -^i) with Ei-x and Ei intersect transversally. The intersection numbers of the exceptional 
curves are given by 

[-2 ifi = i; 

I otherwise. 

In particular, the intersection matrix is negative definite (as expected from the general theory 
of complex surfaces). Additionally, E^,. . . ,Ey. give a basis for Ai{Ar] I)- We also have two 
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noncompact curves Eq and Er+i attached to Ei and Er respectively. Eq (resp. Er+i) can be 
arranged to map to the /i^+i-orbit of a;-axis (resp. y-axis). 

The natural action of T on comes with tangent weights ti and t2 at the origin. It 
commutes with the /itr+i-action, so we have an induced T-action on the quotient / jir+i and 
thus on the resolved surface A,.- We fix these actions of T throughout the article. 

The T-invariant curves on Ar are Ei, . . . , Er- The T-fixed points are the points at the 
nodes of the chain U^l^Ei of curves. Precisely, they are 

Xi , . . . , Xr-{-l 1 

where {xi} = iSj-i n Ei. Let's assume that Li and Ri are respectively the weights of the 
T-action on the tangent spaces to Ei_i and Ei at Xi. We have Li = (r + Rr+i = {r+l)t2 
and the following equalities 

Li + Ri = ti + 12, Ri = — Z/j+i, 

for each i = 1, . . . r. 




Xl Xr+l 



Figure 2: The middle chain is the exceptional locus Ex(7r). The labelled vectors stand for 

the tangent weights at the fixed points. 

The above information will be sufficient for our calculation of Gromov-Witten invariants. 
Certainly, one can also compute explicitly to obtain 

{Li, Ri) = {{r-i + 2)ti + (1 - i)t2, i-r + i- l)h + it2)- 

2 Chen-Ruan cohomology 
2.1 Inertia stack 

Given any finite set N, let Sjv be the symmetric group on N and 

= {{xi)i^N '■ ajj's are elements of X} 

is a set of |A^|-tuples of elements of X. We denote by 6„ the group S{i_..._„} and by X" the 
set X{i--'">. 

The symmetric group (3„ acts on X" by g{z)i = Zg(i-j, Vg <E 6„, z € X". The n-fold 
symmetric product Sym"(X) is defined to be X"/6„, and the n-fold symmetric product stack 
[Sym"(X)] is defined to be the quotient stack [X"/©„]. The space Sym"'(X) is in general 
singular and is the coarse moduli space of the (smooth) orbifold [Sym"(X)]. 

There is a natural stack associated to the symmetric product, i.e. the inertia stack 

7[Sym"(X)] := ]J Fomiiep(BM„ [Sym"(X)]), 
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where HomRep{Biis, [Syni"(X)]) is the stack of representable morphisms from the classifying 
stack Bfis to [Sym"(X)]. Moreover, /[Syni"(X)] is isomorphic to the disjoint union of orbifolds 



II [X^/C{9)], (2.1) 

l9]ec 

where C is the set of conjugacy classes, Xg is the f;-fixed locus of X", and C{g) is the centralizer 
of g. The component [X"/(S„] is called the untwisted sector while all other components are 
called twisted sectors. As there is a one-to-one correspondence between the conjugacy classes 
of &n and the partitions of n, these sectors can be labelled with the partitions of n. If [g] is 
the conjugacy class corresponds to the partition A and C{g) :~ C{g)/{g), we may write 



X{\) X]^/C{g), and X{X) X^/C{g) (see below). 
The Chen-Ruan cohomology 

A:,,([Sym"(X)]) 



is by definition the cohomology ^*(/[Sym"(X)]) of the inertia stack f |ChRl] V By (2.11, 
it is 0[g]ec^*(^s/C(5)) = ®[g]ec^*(^a)^^^^- (For any orbifold y with coarse moduh 
space Y, we identify A*{y) = A*(Y) by the pushforward c* : A*{y) A*(Y) defined by 
c*([V]) = ■j[c(V)], where V is a closed integral substack and s is the order of the stabilizer of a 
generic geometric point of V). 

The age (or the degree shifting number) of the sector [^(A)] is given by 



age(A) ■.= n-e{X). 



Additionally, the Chen-Ruan cohomology is graded by ages. If a e A^{X{X)), the orbifold 
(Chow) degree of a is defined to be i -I- age(A). In other words. 



A:,,([Sym"(X)]) = A*-^^<^\X{X)). 
\\\=,i 

When X admits a T-action, we can see easily that there are induced T-actions on the 
spaces Xg/C{g) (V5 £ 6„) and /[Sym"(X)]. So we may put the above cohomologies into an 
equivariant context by considering T-equivariant cohomologies. 

We may rigidify the inertia stack to remove the actions of /i^'s. Each B^s acts on the stack 
HomRep{Bfis, [Syni"(X)]) and the quotient by this action is a stack of gerbes banded by fig 
to [Sym"(X)]. The stack 



/[Sym"(X)] -.^ ]lHomRepiBfi,,[Sym'\X)])/Bfis, 



sen 



is called the rigidified inertia stack of [Sym"(X)]. One of the reasons why we mention this is 
that the rigidified stack is where the evaluation maps land (see (3.1 1). 



For more details on the rigidification procedure, consult |ACV 



IA(;V1I IA(;V2j . In fact, 
the procedure amounts to removing the action of the permutation g from (2.11 — g acts triv- 
ially on Xg. Concretely, the stack /[Sym"(X)] is the disjoint union IJ[g]Gc["'^g /^(ff)] 

Y[\x\=ni'^W])- Its coarse moduli space Y[[g]ec -^g /^(d") i^ identical to that of the inertia 
stack. 
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2.2 Bases 

2.2.1 A description 

Let X be a smooth toric surface. We need to understand the module structure of equivariant 
Chen-Ruan cohomology Aj ^^.^([Sym" (X)]); particularly, we need aprecise description of bases. 
Given a partition A of n, we would like to give a basis for the cohomology Aj{Xg)'^'-s\ where 
5 e 6„ has cycle type A. 

The permutation g has a cycle decomposition, i.e. a product of disjoint cycles (including 
1-cycles), 

5 = ffi • • ■ 9i{X) 

with gi being a Arcycle. For each i, let Ni be the minimal subset of {1, . . . ,n} such that 
5i e Ga,,. Thus |iV;,| = A, and Ui=i N,^{1,..., n}. It is clear that 

K^U^^:^ andXg^'-X 

i=l 

To the partition A, we associate a i?(A)-tuple ff— (771 . . .?y£(A)) with entries in Aj(X). Let's 

put 

g{ff)^{\Aut{\m\X{>^.)-' E ^9-{Vi)&A^{X-f^<'\ (2.2) 

i=l heC(g) 4=1 

This requires some explanations: 

• 5? h-'^gih. 

• Let iV be a subset of {1, • • • , n}. For each |iV|-cycle a £ &m and 77 a class on X, let 0(77) 
be the puUback of 77 by the obvious isomorphism X^ = X. 

• Two classes ^f^^g'l'iVr) and ^I'l^ g'l' (m) on coincide for some /ii,/i2 G C(5), 

and a straightforward verification shows that each term ^I'^i giivi) repeats precisely 

|Aut(A(?7))| Hii'i'' ''^i times. Hence, (|Aut(A(?7))| nfi'i' -^i)"^ is a normalization factor to 
ensure that no repetition occurs in (2.2 1. 

• If g = fci • • • ki(^x) is another cycle decomposition with A^-cycles fcj's, then there exists 
h e C{g) such that 

£(A) £(A) 
i=l i=l 

Thus, the expression ( |2.2| is independent of the cycle decomposition. 

Let *B be a basis for A^{X). The classes g{ff)'s, with ?7i's elements of 05, form a basis for 
AUX-)^(sl 

Suppose that g is another permutation of cycle type A, i.e. g = g" for some a e &„■ 
The classes 5(77) and 5(77) are identical in Qj,jj([Sym"(A)]), though they are related by ring 
isomorphism a* : Aj{Xg)^^3) ^ A^{X^)'^''3) induced by a. In fact, a* sends g{f]) to g{-q) and 
is independent of the choice of a due to the fact that d* : A* (X^)^^^) A;(A^)<^(9) is the 
identity, Vi? G C{g). 
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We use the cohomology-weighted partition 

Mvi) ■ ■ ■ >^i{\){Ve(x)) or simply A(^) 

to denote the class g{fi) (and hence 5(77)). 

Now the classes A(rf)'s, running over all partitions A of n and all r]i € 5B, serve as a basis 
for the Chen-Ruan cohomology A^^^^^{[Sym"{X)]). For classes X{ff} e A^_^j,^,([Sym"(X)]) and 

e ^T,orb([Sy°^™(^)])' keep in mind that the class 

Ai(r?i) • • • A,(,)(%(,))pi(a) • ■ ■ P(ip){^eip)) e A;_„,b([Sym"+™(X)]) 

is denoted by 

We use the shorthand (2) for the divisor class 1(1)"'~^2(1). Also, we define the age of X{r]), 
denote by age(A(fy)), to be the age of the sector [X(A)], i.e. n — i{X). 

2.2.2 Fixed point classes 

We can work with A(7f)'s with rjk's in the localized cohomology Aj{X)m to give a basis for 

^T,orb([Syni"W])m. 

Assume that X has exactly p T-fixed points Zi,. . . ,Zp. For partitions cti, . . . , cXp, we denote 
the class 

0-11 ([^;i]) • • • • • • (^pl{[Zp\) ■ ■ ■ (^pe{ap){[Zp]) 

by 

a := (cti, . . . , (Tp). 

The classes a's form a basis for ^4^ Qj,j^([Sym"(X)])ni. Note also that each a corresponds to a 
T-fixed point, which we denote by 

in the sector indexed by the partition (an, . . . ,cri^((7i), • • • jCpi, • • • ,<7pe{ap))- So we refer to ct's 
as T-fixed point classes. 

Moreover, given S G Aj ^^.^ ([Sym"(X)])^ and a G A^ ^^^^HSym-^iX)])^ (m < n), we say 
that ^ 

S Da 

if cTfe is a subpartition oi 5k, VA; = 1, . . . ,p; and 

5 - a := (5i - ai, . . . - a^) e A;,„,J[Sym"-'"(X)])„. 
(e.g. the difference (1,1,2,2,3) — (1,2,3) of two partitions is the partition (1,2).) 

T-weights. Given any fixed-point class a, denote by 

t{a) 

the product of T-weights on the tangent space T[5]7[Sym™(X)]. A simple analysis shows that 
= riLi t{zkY^'"'\ Thus, for each 6 Da, 

t{6) =t{a)t{6-a). 
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When X — Ar, since L^Rk = — + mod (ti + t2) for /c = 1, . . . , ?' + !, it is convenient 

to take 

T=-{r+lftl. (2.3) 

In this manner, 

t(5) = T^^^^ mod(ii + i2). (2.4) 

Here t{5) -.^ EltiW- 

CoefRcients with respect to fixed point basis. For 6{£) <5 Qj.j^([Sym'"(X)])m, we have 
where (•!•) are T-equivariant orbifold pairings on Qj.^([Sym"*(X)])m- Now let 

be the components of ^(^) relative to ct's. We have two properties by direct verification: 

(1) Suppose A(?7), p{e) e A^^^^^{[Sym^{X)])m have exphcit forms nr=i Ilj^i ^nd 
nr=i nt=i ^(eij) respectively, we have 



{mm) 



if m.; 7^ £i for some i; 

Dili (n^i ^iVij) ■ if ^1 = ^» for each i. 



(2) Given 771, . . . , 77„ e yl^(X)m and T-fixed points j/i, . . . , y„ of X. For m < n, the coefficient 
a»(,,i)-i(r,„)(«([2;i]) ■ •• «([?/«])) equals 

51 ■ • • «(bm]))ai(Wl)-i(5„)(*([ym+l]) • ■ ■ i{[Vn])). 

where the sum is over all possible i(^i) ■ • • i(Cm) and i(^m+i) ■ ■ ■ *(^n) such that 

«(6) • • •«(C«) = iijli) ■ --iiVn)- 

We may combine (1) with (2) to get a general statement, which presents an algorithm to 
calculate the coefficient ax(^fjj{S): 

Proposition 2.1. Given X{ff),d G A^^^^^{[Syin'\X)])m and a e A^^^^.^{[Syin"^{X)])m with 
5 Da, 

"AW) ((5) = ^ag(|<)(5)a^(^)((5-?), (2.5) 
p 

where the index P under the summation symbol means that the sum is taken over all possible 
OiO e „,,([Sym™(X)])„ and ^(7) e A^^,,b([Sym"-™(X)])„ safzs/j/zn^ A(rT) = 9{0Kl)- 

In the proposition, S is separated into two parts a and (5 — ct. In general, we can break it 
as many parts as possible. The form (2.5) is, however, convenient for later use. 



10 Wan Keng Cheong 



3 Extended Gromov-Witten theory of orbifolds 

To make our exposition as self-contained as possible, we review some relevant background 
on orbifold Gromov-Witten theory. We take the algebro-geometric approach in the sense of 
Abramovich, Graber and Vistoli's works |AGVlirAGV2j . The reader may also want to consult 
the original work |ChR2] of Chen and Ruan in symplectic category. 
In what follows, we utilize the isomorphism 

^i(Sym"(X);Z) = Ai(X";Z)®" = Ai{X;Z). 

In other words, we may view Ei, Er a,s a basis for Ai{Syni" {Ar); Z). 

3.1 The space of twisted stable maps 

For any curve class /3 S Ai{X; Z), the moduli space 

Mo,fc([Sym"(X)],/3j] 

parametrizes genus zero fc-pointed twisted stable map (or orbifold stable map in |ChR2j ) 

/:(C,Pi,...,P,)-[Sym"(X)] 

with the following conditions: 

• {C^Vi, ■ . ■ jVk) is an twisted nodal fc-pointed curve. The marking Vi is an etale gerbe 
banded by , where is the order of the stabilizer of the twisted point. Moreover, over 
a node, C has a chart isomorphic to Spec C[u,v]/(uv)/ fig where acts on Spec C[m, u] 
by ^ • {u,v) = {^u,^~^v); locally, c : C ^ C is given hy x — u'^ ,y = . 

• / is a representable morphism and induces a genus zero /c-pointed stable map fc '■ 
(C, c{Vi), . . . , c{Vk)) Sym"{X) of degree (3 by passing to coarse moduli spaces. Note 
that the canonical map c : C ^ C is an isomorphism away from the nodes and marked 
gerbes and that whenever we say that / is of degree /3, we actually mean is. 

There are evaluation maps on the moduli space Mo,A:([Sym"(X)], which take values in 
the rigidified inertia stack. At the level of Spec(C)-points, the i-th evaluation map 

ev, : Mo,fe([Sym"(X)],/3) ^ /[Sym"(X)] (3.1) 

is defined by [/ : {C,Vi^. . . ,Vk) ^ [Sym"(X)]] ^ : V, [Sym"(X)]]. 

The moduli space Mo^fc([Sym"(X)], f3) can be decomposed into open and closed substacks: 

Mo,fc([Sym"(X)],/3)= [] M([Sym"(X)], ai, a^; 

(Tl,...,0-fc 

Here M([Sym"(A:)], cti, ...,f7fc; f3) = ev^^{[X{ai)]) n • • • n ev^^{[X{ak)]), which can be empty 
for monodromy reason (e.g. the component M([Sym'^(X)], (2), (2), (2);/3) is empty), and the 

^ I AG VI I and IAGV2I adopt the notation K, instead of Af. Also, we just describe the Spec(C)-points of the 
moduK stack in this article. This is enough because our main purpose is the calculation of Gromov-Witten 
invariants. 
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union is taken over all partitions cri,...,crfe of n. Keep in mind that the substack carries a 
virtual class [M([Sym"(X)], ci, ak; (3)]™ of dimension 

fc 

-^[S.vm"(x)] ■ f3 + n- dim{X) + fc - 3 - ^ age(cri). 

i=l 

The twisted map / that represents an element of A/([Sym"(X)], cti, (7^; /?) amounts to 
the following commutative diagram 



Pr 



C — ^ [Sym"(X)] 



(3.2) 



C 



fc 



Sym"(X) 



Here tt is the natural map, Pq '■= C y. [Sym"(x)] is a scheme by representability of /, and /' 
is 6„-equivariant. Away from the marked points and nodes, Pq is a principal 6„-bundle of C . 
It is branched over the markings with ramification types cri, ...jCrk- 
Additionally, there is such a diagram 



C 



{C,c{V^),...,c{Vk)) 



X 



(3.3) 



associated to / that p : (7 ^ C is an admissible cover branched over c(7^i), . . . ,c{'Pk) with 
monodromy given by tri, CTfc, and / : C — > X is a degree f3 morphism such that if E C C is a 
rational curve possessing less than 3 special points, then there is a component of p~^(E) which 
is not /-contracted. In fact, (3.3) is induced by the diagram (3.2) by taking /' mod &n-i and 



composing with the 7i-th projection. 



The diagram (3.3) will be particularly helpful later in the descriptions of T- fixed loci for 



the space of twisted stable maps to [Sym"(^r)]- The reader should look closely at the above 



notation. We will use (3.2) and (3.3) and the symbols there mostly without further comment. 



3.2 Gromov-Witten invariants 

For any cohomology classes ai G Qj.(^([Sym"(^r)]) (* — l,---,fc), the fc-point equivariant 
Gromov-Witten invariant is defined by 

(ai,...,afc)f'""(-^-)i / evl{a,) ■ ■ ■ evl{ak) , (3.4) 

7[M([Sym"(X)],/3)]-' 

where the symbol [ ]y" stands for the T-equivariant virtual class. However, it is convenient 
to express the integral in (3.4) as a sum of integrals against the virtual fundamental classes of 
the components M{[Sym"{Ar)],cri, ...,ak; P)'s. 
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Remark The moduli space over which the integral takes is not necessarily compact. But ( 3.4 1 



is well-defined if the integral is written as a sum of residue integrals over T-fixed components 



via the virtual localization formula |GP| . Alternatively, the definition (3.4) is valid when some 



insertions have compact supports, e.g. T-fixed point classes. So by extending scalars, we 



may treat (3.4 1 as a Q(ti, t2)-combination of invariants with at least one compactly supported 



insertion. In general, the invariant takes values in Q(ii,i2)- D 

In the context of orbifolds, it is in reality more natural to study the Gromov-Witten theory 
in twisted degrees, i.e. in curve classes of 



Aorba([Sym"(A)];Z) = Ao([A((2))];Z)eAi([Sym"(A)]);Z). 
This makes a lot of sense because the direct sum matches ^i(Hilb"(^r); (cf. Section 



5.2.2). And we will see later that the fc-point function of [Sym"(^r)]j with an extra quantum 



parameter u added, has the identical number of quantum parameters to the fc-point function 



of Hilb"(A) (cf. (3.6) and (|5^ 



Let's identify Ao([^r((2))]; with Z. To define the fc-point extended Gromov-Witten 
invariant (ai, ...,afc)'^''^ '"'^''^^ of twisted degree (a,/3) € Ai{Ar;^) with a > 0, we include 
additional a unordered markings in the twisted stable map of degree /3 above such that these 
markings go to the age one sector under the corresponding evaluation maps. To make this 
precise, we present a formula: 

(ai,---,afc)(Q_^) - —^ \Oii,...,ak,{'^) )[j ■ (,■^•5) 

Note that in the expression, the last a insertions are all (2) and that the invariant is defined 
to be zero in case a < 0. For later convenience of explanation, we refer to the markings 
associated to ai, ...,a/c as distinguished marked points and to the other a markings as simple 
marked points. Also the markings corresponding to the twisted sectors are called twisted and 
are otherwise called untwisted. 



The expression (3.5) is almost identical to the non-extended version except for the appear- 



ance of the factor ^ due to the fact that we don't order simple markings. Additionally, we say 
that {oii, ...,afc)|^^^ jg Qf nonzero (resp. zero) degree if it is a Gromov-Witten invariant 

(up to a multiple) of nonzero (resp. zero) degree and that (ai, afc)'^'*'^ jg multipoint 
if fc > 3. 

Like ordinary Gromov-Witten theory, if /3 7^ or fc > 3, we have a forgetful morphism 

/tfc+i : M([Sym"(X)], ai, a^, 1; /3) ^ M([Sym"(X)], di, af, P) 

defined by forgetting the last untwisted marked points. The (untwisted) divisor equation holds 
as well in the orbifold case. Unfortunately, we are not allowed to forget twisted markings in 
general. 



3.3 Connected version 

Let 

M°^,([Sym«(A)],/3) 

be the component of MQ k{[Syni"'{Ar)], (3) parametrizing connected covers (i.e. each cover C 
associated to [/ : C ^ [Sym"(y^r)]] G ^o,fe([Sym"(-4r-)], /?) is connected). 
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We define fc-point connected Gromov-Witten invariant as the contribution of the component 
Mq j.([Sym"(ylr)], /3) to the extended Gromov-Witten invariant; namely, 

{ai,...,ak)y = /_ evi(ai) • • •evfc(afc). 

Note that Mq j.([Sym"(^j.)], /?) is compact whenever /3 7^ 0, in which case the corresponding 
connected invariant is an element of Q[<i,i2]- 

Similarly, the connected invariant has an extended version. We define /c-point extended 
connected invariant by 

, , [Sym"(^,0],conn _ 1 , /„s q, [Sym"(^^)],conn 

As explained in |CG] . two point extended connected invariants of [Sym"(yir)] match certain 
connected invariants of the relative Gromov-Witten theory of Ar x . We will explain later 
that the usual orbifold Gromov-Witten theory, introduced in Section |3.2| corresponds to the 
relative Gromov-Witten theory with possibly disconnected source curves. 



3.4 Orbifold quantum product 

Let {wi, . . . , ujr} be the dual basis of . . . , Er} with respect to the Poincare pairing. For any 
classes ai, . . . , 0;^ € ^^-^{^ym^ {Ar)]) , we define the extended fc-point function of [Sym"(ylr)] 

by 

((ai, . . . , a.)>[^-^"<^'-^l = E E ("1' • • ■ ' "OlS;"^-"'-^' W^s^r- ■ ■ ■ s?-" (3.6) 

a=0/3eAi(^,;Z) 

and denote by 

the usual fc-point function ((ai, . . . , afc))'^^'""^-^''^! |i,=o- 

Now let {7} be a basis for the Chen-Ruan cohomology Qj.,^([Sym"(^r)]) and {7^} its 
dual basis. Define the small orbifold quantum product on yl^ ^^^([Sym" (^r)]) hi this way: 

ai *orb a, = E(("i>"2,7»''^'""^-^'-^l7^- 

7 

Equivalently, ai *orb 0^2 is defined to be the unique element satisfying 
{ai *orba2 I a) = ((ai, ^2, a))'^^'""^-^'-^ Va. 

The associativity of the product follows from the WDVV equation and 1 := 1(1)" is the 
multiplicative identity because of the fundamental class axiom. By extending scalars, we work 
with 

OA;_„,([Sym"(A)]) 

which is defined as the vector space Qj.|3([Sym"(^r)]) ^'Q[ti.t2] Q(^ii i2)((u, si, • ■ • , Sr)) en- 
dowed with quantum multiplication *orb- 

The extended fc-point functions were first studied by Bryan and Graber |BGj in the case 
of [Sym"(C2)] so as to link the Gromov-Witten theory of [Sym"(C2)] to that of Hilb"(C2). 
When it comes to the whole group of multipoint functions, it is clear that the extended and the 
usual versions share the same information. However, extended 3-point functions are a wider 
group than the usual 3-point functions, and the quantum product defined above retains more 
information than the usual small quantum product. 
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4 Divisor operators 

We are going to study the operators 

D *orb - 

on the (small) quantum cohomology of the orbifold [Sym"(>lr)] for divisor classes D. We refer 
to them as divisor operators. We let 

Dk = l{ir-H{uJk), k=l,...,r. 

These classes, along with (2), form a basis for divisors on [Sym"(^r)]- Thus, the divisor 
operators are determined by 

(2) *orb 5 -^1 *orb 5 • * • 5 *orb ? 

which are governed by 2-point extended invariants to be calculated in this section. 

Fix a nonnegative integer a throughout the rest of this section. We shorten our notation 
by declaring 

M([Sym"(A)],«Ti,...,afe;(a,/3)) = M([Sym"(A)],^i,...,c7fc,(2)«;/J). 

Also, we use 

9= idi,--- ,9r+l) 

to denote an (r + l)-tuple, whose entries are all partitions or all nonnegative integers. In the 
case of integers, define 

\9\ = ^, 

if the entries of g add up to £. Moreover, given a partition ctq and a multi-partition a, we put 

a := (ctcct) = (cto, . . . ,0-^+1), 
which we also realize as a partition of X^^ig 

4.1 Fixed loci 

Let's now describe the fixed loci that will play an important role in our virtual localization 
calculation. 

Given nonnegative integers i, j, s with 1 < i < j < r and s < a. We consider effective 
curve classes 

^ij = Ei-\ + Ej. 

For each G {0, . . . ,s} and Uq G {0, . . . ,a— s}, put = s — b^ and Uq = a — s — Uq. We let 

{Mf -^"'""(l)} (resp. {Mf ^"■"°(2)}) (4.1) 
be the set consisting of all T-fixed connected components of the moduli space 

M°([Syml^°l(A)], Ao,po, (2)^ 1""^; dSi^) 

such that each point [fo : C [Syml^»l (A)]] € Mq" '""'"^ (1) (resp. Mq" '""'"^ (2)) has the 
following properties: 
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(i) /o has its source curve decomposed as 

C = CloUPoUCko. 

Here Cko's are disjoint /o-contrax3ted components, Vq is a chain of non-contracted com- 
ponents with /o*([2?o]) ~ d£ij, and Cko nI>o = {T^k} is a twisted point, k = L,R. 

Let Dq, C\ Pk be coarse moduli spaces of Po,C, Vk respectively {k = L, R) and Cq the admissible 
cover associated to C. 

(ii) Co := Clo U -Dq U Crq is connected with admissible covers Dq — > Dq and C'/so — > C/jo 
{k = L,R). Moreover, 

• each irreducible component of the cover Dq Dq is totally branched over two 
points (cither nodes or markings) and branched nowhere else. 

• the covering C^o ~^ C'lo is branched with monodromy 

Ao,(2)''o,l"c,ao (resp. Aq, po, (2)'° , 1"% ao), 

around markings and Pl while the covering Cno — > Cno is branched with mon- 
odromy 

po, (2)^", l<,ao (resp. (2)^?, l«o , ^o), 
around markings and Pr. 

(iii) In the cover Dq, there exists a unique chain e formed by rational curves not contracted 
by /q. Additionally, 

• e possesses j — i + 1 irreducible components which are mapped to Ei,...,Ej with 
degree d under the map /q. 

• the contracted components attached to the two ends of e collapse to Xi and xj+i 
respectively. □ 

Now we turn our attention to the fixed locus on the moduli space 

M([Sym"(A)],A,p,(a,Q!f,,)). 
We fix and 6^, tuples of nonnegative integers, with \b^ \ = Uq and \b^\ = Uq. We define 
•^f:..o,Po;6f,«„4A,6^ I b^,p)[i,j,s] = {M^---° (1)} 

to be the set of T-fixed loci of M([Sym"(^r)], A, p, (a, dSij)) (so A = A and p = p as partitions) 
with the following configuration: Let [f : C [Sym"(A)]] e m''" '"^"'"^ (1) be a point. 

(a) The domain curve C of f decomposes into three pieces 

C = ClU'DUCr, (4.2) 

where Ck 'a arc clisjoint /-contracted components; I? is a chain of non-contracted compo- 
nents, which maps to [Sym"(^r)] with degree dSij; and the intersection flP := {Qk} 
is a twisted point, k = L,R. 
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As in (3.3 1, there is an associated niorphism f : C ^ Ar- Let D, C, Ck, Qk be coarse moduli 



spaces of P,C,Cfe, Qfe respectively (k — L,R). 

(b) Cl carries 6q +Uq +1 marked points and Cr carries the other b^+UQ+l = a — 6q — Uq +1 
marked points. 

(c) The covering C ^ C has components 

Cfc Cifc U U Cflfc, fc = 0,...,r + l. (4.3) 

For fc / 0, Ck, if nonempty, is contracted to Xk in Ar- (Note that Ck is possibly empty 
or disconnected for fc 0. Empty sets are included just for the simplicity of notation). 

(d) For A: = 0,...,r + 1, 

• the covering U^ip C'ifc Cl (resp. IJj^.io ^Rk ~^ Cr) is ramified with monodromy 

A,(2)''o+<,a (resp. p, (2)""+"% a), 

around markings and Ql (resp. Qr); 

• each irreducible component of the cover Dk — > 13 is totally branched over two points 
and branched nowhere else; 

• each C^fe — > Cl (resp. CRk — > Cr) is a covering ramified with monodromy 

A,,(2)''sl^'+"o-^Safc (resp. p^, (2)^", l^"+«o"-^?, ^,), 
around markings and Ql (resp. Qr). 

(e) The diagram of maps 



Co Ar 



C 



(4.4) 



corresponds to [/o] G Mq°''^°'"° (1) above. □ 



Note that -^^n o-q pob^ I "SP) [Fiji's] does not exist for certain parameters. If it 

es, it is indexed by Mg" (l)'s. Ea 
T-fixed connected components in general. 



does, it is indexed by Mq"''^"'"" (l)'s. Each fixed locus m^"'"^"'^" (1) is, however, a union of 




(7 a 



Figure 3: This is the configuration of a typical domain curve C for the fixed locus 
m'"''^"'"" (1). Each straight line represents a chain of curves. All markings and QkS 
are labelled with their monodromy and there are &o + ""o copies of (2) on Cfe, fc = L, R. In 
case bo + Uq = 0, Ck is simply a twisted point. Details on the covering C associated to C 
are included in the above properties. 
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Define 



HQ 

in an analogous manner. The differences occur in properties (b), (d) and (e). Precisely, (b) The 
curve Cl carries Bq +Uq +2 marked points while the curve Cu carries the other + Uq marked 
points; (d) The covering U^io Cl (resp. Ufcip C'Rk — > Cr) is ramified with monodromy 

X, p, (2)^0 +"o ^ (J (resp. {2)''o+"o\a) around markings and (resp. Qn), and the monodromy 
associated to the cover CLk CL(resp. C^k Cb) is now \k,Pk, (2)''S 1''° ^''^ , Cfc (resp. 
(2)^", l^o+<-^"\ak); (e) The diagram (lOl corresponds to [fo] € Mg" '""'"^ (2). 




a a 
Figure 4: This is the configuration of a typical domain curve C for the fixed locus 

M ° (2). There are bo + uq copies of (2) on Ck, k ^ L, R. Cl is always a twisted 

curve. Cn is of dimension e2ibo' + uq); in particular, it is a twisted point when bg+u^ < 1. 



4.2 Valuations 

Given moduli space M {[Sym"' (Ar)], p, {a,d£ij)) as above. For each T-fixed connected com- 
ponent F, the virtual normal bundle to F is denote by 

Let [f : C ^ [Sym"(^r)] G F and IJ,j Cu the union of 1-dimensional, contracted, connected 
components of C. We have a natural morphism 

V 

defined by 0f([/]) — i[c{Cy)])y. That is, all non-contracted components, 0-dimensional con- 
tracted components, stack structures at special points and the map / are forgotten. Also, 
val{v) denotes the number of special points on C^. 
Let 

Ao,po,o-o;Oo '"O /I 'J' J 

be the union J^f , ^ ^ ( A, 5^ I 6^, p) [i^j, s] U J^f , ^ (A, p, I h^) [i, j, s] . 

The indices 6^, tio, "o ' (fc) = -R) ^om m''° (/c) and Mq" (fc) are going to be 
suppressed. We simply write M, Mq. For each M e J^^^ ^^.^f, (A, p; 6^, j, s], we let 

Mr 

be the collection of all T-fixed connected components of M. 

There are other T-fixed loci on the moduli space M([Sym"(^r)], A, p, (a, d£ij)). The reason 
why J^'^^ ^^^^L ^i,(A, s]'s are singled out will be discussed later - it will turn out 
that these fixed loci are enough for our study of 2-point extended invariants as a consequence 
of {ti + i2)-valuation below. 
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Proposition 4.1. // 

^eU-^fo.Po,.o;^^.o^(^'^"^'''^'')[*'^'^] anrfFGMT, (4.5) 

where the union ranges over all possible parameters, the inverse Euler class ^^(^ji^vir^ has valu- 
ation 1 with respect to (ti + 12). Otherwise, it has valuation at least 2. 

Proof. Consider any T-fixed connected component F of M([Sym"(ylr)], A, p; {a, (3)). 

Let f : C ^ [Sym^ (Ar)] represent a point of F. As discussed earlier, there are a morpliism 
f : C ^ Ar and an ordinary stable map fc ■ C ^ Sym"(^r) associated to /. Recall that 
T = — (r + l)^ti. To establish the assertion, we need to analyze the contribution of following 
situations (c.f. |GP] ) to the inverse Euler class 



1. Infinitesimal deformations and obstructions of / with C held fixed: 

(a) Any contracted component contributes zero (ti + t2)-valuation. Let C C C be a 
contracted component and pick any connected component Z of the cover associated 
to C. We see that Z contributes 

eT{H\zJ*TAr)) 
eT{H°izJ*TAr)) 

and is collapsed by / to Xk for some k. So the numerator is, by Mumford's relation, 
congruent modulo ti + t2 to 

A^(Lfe)A^(i?,.) EE 

where g = ra.nk{H° {Z,ujz)) and A^(t) = Yfi^^^c^{H°{Z,uJzY)t^~' ■ The denomina- 
tor of (4.6 1 is EfiTx^Ar)- Thus, the contribution of Z is simply 

T^"^ mod(ii+t2). 

In other words, the contribution of C, being the product of the contributions of 
such Z's, is not divisible by ti + ^2- 

(b) The nodes joining contracted curves to non-contracted curves have zero {ti + ^2)- 
valuation because each of them gives some positive power of t modulo {ti + ^2)- 

(c) Non-contracted curves: Suppose I? is a non-contracted component with D its asso- 
ciated (possibly disconnected) covering. Its contribution is 

e-,{H\V,rT[Sym^{Ar)])r°^ _ e^{H\b , }* T Ar)r°^ 



eT(i?"(P, /*r[Sym"(A)]))'"°^ e-fiH^iD, j*TAr)Y-°- ' 

Here ( )™°^ stands for the moving part. It is clear from (a) that each /-contracted 
component of D has zero {ti + t2)-valuation. However, any irreducible component 
E of -D that is not /-contracted contributes 

mod(ti + t2)^ (4.7) 

T 

This can be seen as follows: 
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Assume that / maps Y, to E -.^ /(S) with degree £ > 0. Let = {0, . . . 2^ - 2} - 

{^-l}andS'2 = {0,...2<'}-{4. 

The moving part of ej{H^{'S, f*TAr))) arises from 

1 (S, r iV^/^„ ) - (S, ® f iV^/^„ ) ^ 
The curve E having self-intersection —2 implies Ne/a,- — Opi{—2), and so the 
invertible sheaf (g) f* N)^^^ has degree 21 — 2. Hence, the moving part is 

fceSi 

(which is just {ti + <2) for I = 1). We further simplify it to get 

{h + hy-'XlC—^f mod(ti+t2)'. (4.8) 

On the other hand, eT(i?°(S;, j*TAr)T°^ equals eT(i?"(S;, f*TE)y^°'', that is con- 
gruent modulo {ti +t2) to 

fc(-(r+l)ti) + (2^-fc)((r + l)ti) _ /^^f-fc^, 

11 Ye = - IK—) ■ (4-9) 



Dividing by (|4J| gives ( |4J l. 

2. Infinitesimal automorphisms of C: We need only investigate the non-special points of 
the non-contracted curves which map to fixed points. In fact, each of them gives the 
weight of the tangent space to the corresponding non-contracted curve and has zero 
(ti + i2)-valuation. 

3. Infinitesimal deformations of C: 



Given any node V joining two curves Vi and V2. Let P, Vi, V2 be coarse moduli spaces of 
'P, Vi, V2 respectively and Stab(7') the stabilizer of V. In each of the following, we study 
the node-smoothing of V. 

(a) Vi and V2 are non-contracted: We may assume that the restriction of fc to Vk is a 
dfe-sheeted covering 

f,\v, : Vfe -> Sfc /c(Vfc) - Pi 
for some dk > 0, k = 1,2. The node- smoothing contribution is 

|Stab(P)| (^ + ^)-\ (4.10) 

where Wk is the tangent weight of the rational curve at the fixed point fc{P)- 
Thus, (4.10 1 is proportional to (ti -|- 12)^^ only if di = d2 and wi + W2 is a. multiple 

of ti + 12. 

(b) Vi is non-contracted but V2 is contracted: Let w be the tangent weight of Vi at 
the node P and C the tautological line bundle formed by the cotangent space TpV2- 
Denote by -0 the first Chern class of C. The node-smoothing contributes 

|Stab(7')| 



w — if) 

So, neither (^i + ^2) nor {ti + ^2)^^ is generated in this case. 



(4.11) 
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Thus, only 1(c) and 3(a) may produce any power of (^1 + ^2)- We conclude that F gives positive 
(ti + t2)-valuation because the number of non-contracted curves is more than the number of 
nodes joining them. 

Suppose is a T- fixed component described in (4.5), in which case we have a unique chain 
of non-contracted rational components for the cover associated to C. The discussion in 3(a) 
shows that each node in the chain gives {ti + t2)-valuation —1. In total, the node-smoothing 
contributes i—j in valuation. On the other hand, the chain has j — i + l irreducible components. 
By the result of 1(c), — rKr^ valuation 1, which establishes the first assertion. 

Assume that F is not as in ( |4.5[ ). If the associated cover has at least two disjoint chains of 
non-contracted rational curves, a (ti + t2)-valuation at least 2 is obtained because each chain 
gives valuation at least 1. Otherwise, the cover has a unique chain but property (e) (and hence 
(iii)) in Section [4.1 [ is not fulfilled for each i,j,s. In this case, we have the same consequence 
by the discussion in 3(a) and the result of 1(c). This shows the second assertion. □ 



4.3 Counting branched covers 

Later, we will have to count certain coverings of (a chain of) rational curves. Let's now review 
some related notions and fix notation. 

For partitions 771, . . . , r/^ of n, the Hurwitz number 

is the weighted number of possibly disconnected covers n : X {F^,pi, . . . ,ps) such that tt 
are branched over pi , . . . , with ramification profiles 771 , . . . , 77s and unbranched away from 
Pi, . . . ,Ps. (Each cover is counted with weight 1 over the size of its automorphism group) . 

The Hurwitz number Hirji, . . . , rjs) is essentially a combinatorial object. It can be described 
combinatorially by 

— |7i:(?7i, . . . ,77s)|- 
n\ 

Here ^(771, ... ,77s) is the set consisting of (gi, ■ ■ ■ ,gs) € Hi^i ®n satisfying (i) for each i = 
1,..., s, gi has cycle type 77^; (ii) g^---g^^l. 

Let's introduce some other Hurwitz-type numbers. Let 

na{m,---,Vs I Ti,...,Tt) 

be the subset of 7i(77i, . . . , 77^, ri, . . . , r^) such that each element (51, . . . , gs, hi, . . . , ht) has an 
additional property that gi ■ ■ ■ gs has cycle type a (and so hi ■■■ ht has the same cycle type as 
well). Put 

HaiVU . . . ,7ys Tl, . . . ,Tt := 1 

(in case cr is a vacuous partition, we set H„{rii, . . . ,ris \ ti, . . . , tj) = 1). 
We readily find the following relations: 

Lemma 4.2. The number Hfj(7]i, . . . ,rjg \ ti, . . . , r^) is exactly the product 

|C(ct)| H{T]i,...,ris,a) H{a,Ti, . . . ,Tt). 

Moreover, we have 

H{ril,...,T]s,Ti,...,Tt) = ^ HaiTJi,...,!]^ I Ti,...,Tt). 
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4.4 Localization contributions 
4.4.1 Reduction 

From now on, fix cohomology- weighted partitions Hi{ffi) and /i2('T2) of n with r]ke's 1 or divisors 
on Ar- We concentrate on the 2-point extended invariant 



(4.12) 



of twisted degree (a, (3), ^ 0. We will leave out the superscript [Sym"(^r)] when there is no 
likelihood of confusion. 
Let's write 

t^iiVi) = i^i{-nii)di{f^i2) and ^^2(^2) = K2(rf2i)^'2(?y22), 

where all entries of fjn's are 1 and all entries of fji2''s, are divisors, t — 1,2. We may assume 
that 

1{k^) < £(/«2). 



Use the identity 1 = J2k=i L^Rk t^*^]' readily that (4.12 1 is a Q(<i, <2)-linear combination 

of the invariants of the form 

^Kll{[x^,]) • ••Kl£(Ki)([^m^(»i)])^l(^12)>Ai2(%)) 



(4.13) 



Additionally, (4.131 is an element of Q[ti,i2] as the first insertion has compact support. Also, 
the sum of the degrees of the insertions is at most 1 larger than the virtual dimension. Precisely, 
the difference is 



Thus, the invariant (4.131 is a linear polynomial if £{ki) 
number. 



£(^2); otherwise, it is a rational 



Assume that (3 is not a multiple of £ij for any Clearly, the fixed loci (4.5) make no 

the invariant (4.131 is zero by divisibility of {ti +^2)^ (each 



4.1 



contribution. By Proposition 
of the two insertions is a linear combination of fixed-point classes with coefficients being or 
having nonnegative {ti + t2)-valuation). It follows that (4.12) is zero as well. So we can now 
set our mind on the invariant 



(4.14) 



We fix positive integers d with i < j from here on. Let (3 = d£ij. By virtual localization. 



(4.13) can be expressed as a sum of residue integrals over T-fixed loci. By Proposition 14.1 



the invariant (4.13) is a{ti + 12) for some rational number a, and it suffices to evaluate ( 4.13[ ) 
over all T-fixed loci lying in the union JJ*'-' JT^^ ^^^^ (A, p; ^ b^) s] , where JJ*'"* means 
that only i,j are fixed and the other parameters vary. Because of this, we can work modulo 
ih + t2)^. 



4.4.2 Set-ups for localization 

Given M e J^^^^^^^^,^^ ^^^{X, pib"^ ,b")[i, j, s] and F € Mj, we let 

iF : F-^M([Sym"(A)],A,p,(a,df,,)) 
be the natural inclusion (as partitions, A = A, and p — p). 
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As mentioned earlier, there are natural morphisms 
for F G My and 

<^Mo ■ ^-^0 ^ Afo_f,i-+„i-+2 X Ai"o,h«+uf+2 (resp. Afo bi,+„i,+3 X Mo ). 

Obviously, F"^ = Afp. We intend to calculate our Gromov-Witten invariants by localization, 
which will be reduced to integrals over F'^'s. So it is necessary to understand the degree 
deg{(j)F) of the morphism (f>p. 

For F e Mj with A/ e JF^^ ^^.^^ ^j;,(A, 6^ | fe''^, [z, j, s], we consider a typical element 

[/ : Cl U I? U Cfl ^ [Sym"(A)]] e (in the notation of Section [iT]) . The degree of is the 
product mi • m2. Here 

• mi = co(o((t)~^ Jl^!^^ \C{(Tk)\y^^'' is a factor arising from the nodes, which are glued 
over the rigidified inertia stack. Here cq is an overall factor coming from nodes of the 
cover Cq C (we don't have to give a careful description here as cq will be cancelled by 
an identical term in deg(0jg^)), and the terms ei(feo + ) ^^'^ ^li^o + "o') record the 
dimensions of and Cn respectively. 

• m2 is given by 

d^-+imoni/(A.,(2)^Sl''o+"o-''Sa,) H{a,,a,y-^+' H{a,, (2)"^ ^'o^^^"^ , p,), 
fe=i 

where dP~^^^ is an automorphism factor that takes care of the restriction /|-p forgotten by 
(j}F, Too is the contribution of Co, and the other terms accoimt for the overall contribution 

of mile.. 

Also, the degree of (pji can be calculated in a similar fashion. That is, 



deg(</)Mj = Co(^)^(^)d^-+imo. 



By Lemma 4.2 we may write deg(0i;^) as 

deg(<^5jJ(^^)^(^)nH..(A.,(2)^Sl^o+""-^^ I (2)^sl''?+<-^Sp,). (4.15) 
fe=i 

In the formula, e{F) := ei(6^ + u^) + ei{h§ + u^) + j - i. 

Similarly, for F gMt with M e •?'f„,p„,^„.f,i,,„^ (A, p, &^ | b^)[t,j,s], deg(0F) is given by 



. o(go) 
^o(a) 

Now £(F) is set to be 1 + €2(6^ + u§) + j - i 



deg(<^5^J(^)^(^) nff..(Afe,P.,(2)''Sl^«+<-^^ I (2)''",l^?+«o-''?). (4.16) 
"^''"'^ fe=i 
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Remark The term Y'^''^^ will cancel with a similar term in — , .^^i,, (see Lemma 4.3 

below). Moreover, forgetting the indices involving the partition 1 does not change the value 
of the Hurwitz-type numbers. We did not do this in the above formulas so as to keep track of 
the ramification profiles corresponding to the simple marked points. 

4.4.3 Virtual normal bundles 

Let us determine — ttt^ modulo (^1 + ^2)^ for each connected component F described in (4.5 1. 
The following outcome should be within our expectation. Recall again that t = — (r + l)^tl. 

Lemma 4.3. Given M E J-^^ aa-b^ u'^^^' P' ^^)[*' J' '^^'^ '^''^V connected component F E 
A/ti we have the congruence equation 



i = ( oj^) y(f) 



^\{a-s-l{X)-t{p)) 



eT(iV™) ^o{a^)' eriN^') 



mod (ti+t2f. 



Here s{F)'s are as in (4.151, (4.161 respectively. 



Proof. We just investigate the case where AI E J-^^ ^^.^^^ ^^{X^b^ \ b^,p) and F E Mj, the 
other case being similar. 

Let p = X^fcio ^^"^ 1 ~ X]fe=o ^fe^' '^^'^ so p + q = a. Assume that p,q > 0. Pick any 



point [/] E F. Again, we follow the notation of Section 4.1 The contribution of the contracted 
component Cl is 

eT(gHC..r[Sym"(A)])) ^^^,(,,_,) mod (t, + t^) 
eT(i?"(Ci,/1Sym"(A)])) " ^ 

Here g^^s are the genera of connected components of the covering associated to Cl. We find, 
by Riemann-Hurwitz formula, that J2ki9k ~ 1) = ^{P ~ K^) ~ ^i'^))- Hence Cl contributes 

^iip^iiX)-m) niod(ii+t2). 

Similarly, Cr contributes 

^U^-iip)-m) niod(ti + i2). 
And the contribution of nodes joining contracted components to V is 

t2^(*) mod(ti+t2). 
These three contributions, taken together, yield 

^i(a-£(A)-^(p)+2f(*)) {t,+t2). 

One can check that the same formula holds when p ~ ot q = 0. 

As for the cover Clo ^ Dq U Crq, by a similar argument, the combined contribution of 
Clo, Cro and nodes joining Clo, Crq to Dq is given by 

^i(.-£(Ao)-£(po)+2£(ao)) (t.+t^). 

Further, the covers Z?i, . . . , I?.r+i (including the nodes inside) contribute 

mod(ti+i2)- 
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We now study the infinitesimal deformations of C. Let k — L,R. When Ck is a curve, 
smoothing the node Vk joining Ck to T) contributes 

Wk-lpk' 

where Wk is the T- weight of the tangent space to c(I?) at the point 0(1^ k) and ij^k is the class 
associated to T*^^^^Ck (c.f. (4.11 1). By property (e) in Section 

to the point [fo : Clo U 2?o U Cro [Syml^°l (A)]] e Mq, so 

o(go) 

Wk - ipk 



4.1 



f : Co ^ Ar corresponds 



is the factor smoothing nodes joining Cko and Vq and is o(ao) / o(a) times the preceding factor. 
Similarly, the overall contributions of node-smoothing inside V and node smoothing inside Vq 
difl^er by a factor (o((t)/o((To))"' Hence, deformations of C contribute {o{a) / o{aQ)y^-^^ times 
those of Clo U I?o U Cro, and the term 



( "('^) )e(F) 



1 



is the combined contribution of the deformations of C and the unique non-contracted connected 
component Cq of the associated cover C. 
Putting all these together, we get 



^ oj^) y(F) 

o{(Jo) 



1 



o{ao) 



r 2 



i(a-«(A)-£(p)+2£(a)) 



) ^i(s-^(Ao)-f(po)+2£(fTo)) 
■ei\)-i{p)) 

mod {ti + t2r, 



1 



as desired. 



□ 



4.4.4 Vanishing and relation to connected invariants 



Let's look closely at the invariant (4.13) with /3 = d£ij. We will go back to (4.141 in the end. 



For any nonnegative integer s, let 



/(.) 



be the contribution of the T-fixed loci JJ*'-''* J^^^ j^^, (A, /?; 6^, j, s] (all but i,j,s 
vary) to the invariant (4.131 with /? = d£ij. We claim that 

Proposition 4.4. For any s < a, 

/(s) = mod {ti + t2f . 

Now fix a nonnegative integer s < a as well. For simplicity, we drop the index s]. 
We would like to deduce Propositio n |4.4| by replacing the first two insertions with T-fixed 
point classes. Fix T-fixed point classes A, B. Define 



M FeM-T 



iUeyliA)ey*2iB)) 



(4.17) 
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where M is taken over all possible T-fixed loci in TT ,l l ^tL tn ,l l (A, p: , b^). 

The coefficient 

(kii([x„J) ■ ■ ■ ^^u(^^){[xm,^^J)el{r]l2)\A) {^i2{f]2)\B) 
{A\A) ■ {B\B) ' 

is either zero or has nonnegative valuation with respect to ti + t2, so Proposition |4.4| follows 
from the following lemma. 

Lemma 4.5. 

1=0 mod{ti+t2f. 
The idea of the proof is to relate T to certain connected invariants. 



Proof of Lemma [ 
Lemma 14.51 is clear if the condition 

Xk C Ak and pk C Bk, VA: = 1, . . . , r + 1 (4.18) 



does not hold, in which case X is identically zero. Now we assume (4.181 and put 

Xk = Ak- Afc, pk = Bk - Pk- 

That is, we may write A = ((Ai, Ai), . . . , (A^+i, A^+i)) and B = ((pi, pi), . . . , (p^+i, Pr+i))- 
Let 

A= (Ai,...,Ar+i), and B= (pi, . . . , p^+i), 

be T-fixed point classes. 

First of all, it is good to have some observations on hand. 

Lemma 4.6. For any partition (Tq and (r + \)-tuples , b^, a, 
Ji(cro;&o,Uo) := X] deg((/)jg ) /_ 



.^^(ev^(A)ev^(i3)) 
Ml eT(A^^:) 



E deg( 



'Mo 



.^,^(ev*i(A)ev^(B)) 



Ml eT(iv^n 



^ /■ (evT(v4)ev;(E)) 

U^^XA) - E deg(^^J / ^\2N- t 



E deg(05j / ^ 

, . JM„ 



Ml eriN^l) 



for any c^, ond satisfying \dk\ = |crfc| /or each fc = 1, . . . ,r + 1. Here the collections of 
T-fixed loci under the summation symbols are all nonempty. 
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Proof. The first identity follows as J^f (A, 6^ I o) and J^,^ l{\c^\c^,p) 

have the same number of elements and the same configuration for the unique non-contracted 



connected component of the associated cover (see the description in Section 4.11. The second 
identity holds for similar reasons. □ 



We apply Proposition 4.1 to the connected invariant 

(AB,(2)M-):;: 

and find that it is given by 

^ {Ji{ao;bQ,UQ) + J2{(Jo;bQ,UQ)) mod (ti + ^2)' 



(4.19) 



As a — s > 0, ( 4.19[ ) is zero. We have 



J2 iJiiao;bl^,u^) + J2i(To;b^,u^)) = mod (ii + ^2)' 
Here is an elementary but helpful combinatorial fact. 



(4.20) 



Lemma 4.7. Given nonnegative integers k, p and pi^ . . . ,pk with pi + ■ ■ ■ + Pk — P- For any 

nonnegative integer m < p, 



P 



E 



m \ / p ^ m 

mi, . . .,mkj \pi - mi, . . . ,pk - nik 



Note that (^^ ^ :— if £ is smaller than some of ii 's or if some entries are negative 
integers. □ 



We continue the proof of Lemma 4.5 Let 



9^^-{a-s + £{X)+£{p}). 
For any (r + l)-tuple q with \q\ = a — s, let 

Q(<z)-{(5^,6«) I bi + b^^qk, VA: = l,...,r + l}. 
Fix (TQ,bQ,UQ, we consider two cases: 
(1) The contribution of J^f^ ^^.^x, (A, b^ \ b^,p)'s to I with the constraint (b^ ,b^) e Q{cf) 



IS 



where M e JFf ,(X,b^ I b^,p) runs through all T-fixed loci. By (2.4 1, for each 



4(evJ(^) . ev*(B)) ^ r^(^)+^(Pl (ev*(A) • ev;(5)) mod (t^ + t^). 
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Applying the pushforward (f)F* and Lemma |4.3[ ( |4.21 1 is given by 



E E 



0(a) /■ ^Seyl{A)eym) 



^o(ao)^ 757;= eT(iV™-) 



E E fiegi^j^) 

mod (ti + ^2)^- 



By ( |4.15[ ), ( |4.21[ ) is congruent modulo (ti + ^2)^ to 

E 



{b^ ,b'^)&Q{q) + + 

r+1 



E 



deg( 



.ly^/ev|(i)ev^(^)) 



where the product (^^^ ) {^^^ ""^^^ ) is the number of choices to distribute simple 



ramification points lying above simple markings. 



By Lemma 4.2 4.6 and 4.7 (4.21 ) is simplified to 



r+l 



W H{\k, {2y- , l-^-^-" , Pfc) Ji(ao; 6^, u^) mod (ti + ^2)' 



fe=i 



(2) By a similar argument, the contribution of JF^^ ^^.^^ ^i,(A,p, 6^ | 6''^)'s to X with the 



constraint {b^,b^) e is 



a — s 



gi, . . . , (7r+i 



r+l 



T''[]ff(Afc,(2)9^1--9^p,)J2(ao;6^,^i^) mod {h + hf 



k=l 



In total, I is given by 



H- iM'^o;b^,u^) + M<^o;b^,4)) mod(ti + t2)', (4.22) 



where H := E\,^=a-s L^ZJ^'' Ult\ H{Xk, m"" A"-'" , Pk)- By ([^ 

1=0 mod(ii+i2)^- 



This shows Lemma 4.5 



and ends the proof of Proposition 



4.4 



□ 
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4.5 Combinatorial descriptions of two-point extended invariants 



Now we return to the invariant (4.141. We will interpret it conibinatorially in terms of orbifold 



Poincare pairings and connected invariants. In general, we have the following fact on 2-point 
extended invariants of nonzero degree. 

Theorem 4.8. Given partitions /xi, fi2 of n and £{fj,i) -tuple ffi, i{ii2)-tuple f]2 with entries 1 
or divisors on Ar- For any curve class 13 ^Q, the invariant 



is given by the sum 



E(^(^^i)l^te))(i^i(7i),^^2(72))(:";) 



(4.23) 



(4.24) 



Here the sum is taken over all possible cohomology-weighted partitions 0{£,i), 0{S^2), 

^^2(72) satisfying fJ,i{fJi) = ^(Ci)j^i(7i) and ^^2(^2) = ^(C2)'^2(72)- (In particular, vi,V2 are 

subpartitions of fii,ii2 respectively and Hi — vi = 9 — IJL2 — V2) ■ 



Proof of Theorem 



The statement is clear if (3 is not a multiple of Sij for each j, j because both (4.23) and (4.241 
vanish. Now fix i, j,d > and let (3 = d£ij. 



We learn by Proposition 4.4 that I{a) is the only possible contribution to (4.131. In other 
words, only 

^aa,b{^0, PO', <?) :— T\ U T2, 



ranging over all possible Aq, poi fo, 6, f?, make a contribution. Here 



•^2 = .Fi;,;j„,,^^,,o('?>^,(0>---,0) I (0,...,0))[z,j,a] 



(4.25) 
(4.26) 



(With notation of Section 4.1 the admissible cover C corresponding to any of these fixed loci 
has all its simple ramification points that are branched over simple markings in the connected 
component Co and each Cu (fc 7^ 0) is either empty or a chain of rational curves.) 



As mentioned earlier, in order to evaluate the invariant (4.23 ), it is enough to perform local 



ization calculations over J>Q^fc(Ao, po! '?)'s because (4.231 is a linear combination of invariants 



of the form (4.13 1 



We have a lemma on the inverse Euler classes of virtual normal bundles. 
Lemma 4.9. Given F e with M e JFi U we have 



1 



eT(iVD o(ao) 



for M e Tk, k^l,2. Here ei{F) = ei(6) + ei(a - 6) + j - i and e2{F) = 1 + £3(0 - 6) + j - z. 
Proof. All contracted connected components of the associated cover are necessarily of genus 0. 



The proof of Lemma 4.3 can be carried through. 
We let 



□ 



X{vi,U2) and I(zyi, 1^2; >?) 
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be the contributions to ( |4.23[ ) of U^^ jj g J^aa.b{vi,V2\ <?) and Ucro,& ^<ya,b{.^^-> ^2] <?) respectively. 

Now we compute T^vi, 1^2; <?)■ In order for the contribution not to vanish, the partitions vi 
and 1/2 must be subpartitions of ni and fj,2 respectively. Let us assume 1^1 d fJ-i, 1^2 fJ-2- The 



configurations (4.251 and (4.26) force Hi — I'l = IJ-2 — 1^2- We set 6 ^ fii — vi. 



Lemma 4.10. Take a fixed locus M G JJj^ JF^^(i^i, 1^2, <^)- For k = 1,2 and each F e Mf, 

i^y^^^lilJ-kim)) = '•ff„eVfc(i/fc(7A;)). (4.27) 

Pk 

Here Pk means that we take the sum over all possible 9{^k), i^kijk) satisfying fikivk) = 

ei^kHm- 



Proof. The left side of (4.271 is J2sz>a'^t^k(fjk)i^) ^i^)- -^y Proposition 2.1 it equals 



SdS Pk 



which gives the right side of (4.271 



□ 



It follows from Lemma 
with 



4.10 



that for each F e My, ' ev2(/i2(f]2))) coincides 

^(2^)'E>6)(^)"e(5.)(3^)^k(^^^(^i(^i)) -^^2(^2(72))). (4.28) 



In the formula, the index Q means that the sum is over all possible 0(^i), ^(^2), 1^1(71)) and 



^^2(72)) satisfying ^ll{'ql) = 0{S,i)vi{^i) and ^i2{m) = 6'(C2)'^2(72)- Applying ( |4.28[ ) and Lemma 
|4.9[ the contribution I{vi, 1^2', f?) is 



al 



\- n^ n^ \- Mn^ / ^k^^^^^^^^^^^) ' "^2(^2(72)) 



where M(a) :— nfc=i Ftio^k, a-k) is a product of Hurwitz numbers. Thus, 1^2', <?) is simplified 
to 

IH(5)i(5) (^^1(71), '^2(72))(°j£,^) ■ 

Q 

Adding up all possible 1^2', ct)'s, we obtain 

2^(1^1, i^2) ^^H(CT)i(CT)ag(|-^^(5)ag(^-j(CT) (1^1(71), '^2(72))(°™£.^) ■ 

Moreover, 

(6'(Ci)|6'(6)) = ^ag(|-^)(a)ag(|;)(a)(5|CT) = ^ a^^^- )(CT)ag(|-^)(CT)H(CT)t(?). 
This implies that 

AV,,V2) - E(^(?^l)l^fe)) (^l(7l),^2(72))(M£.^) . 
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Consequently, by taking into account of all T{i'i, 1^2)'^, we deduce that (4.231 equals 

where the sum is taken over all possible choices stated in the theorem. This finishes the 
proof. □ 

The 2-point extended connected invariants can be written explicitly in terms of certain 
Hurwitz numbers as in the following formulas, which are also presented in |CGj . 

Theorem 4.11. Let /i, be partitions of k and 7^, 6q 's 1 or divisors on Ar- Let (3 G Ai{Ar] Z) 
he a nonzero curve class. Given nonnegative integer a, we put g = ^(a — ^(/i) — ^(i^) + 2). // 
(3 — d£ij for some i,j,d > 0, the invariant (^(7), given by 

|Aut(A*)||Aut(i/)| Y[i£^J■-/m) 

m—1 m—l 

^ it, + t2){-ird-^ g(M,(2)°S(fc)) (2)°^ (fc)) 

fc-2|Aut(/z(7))||Aut(r/(5))L^^^, aiW. 

Otherwise, it vanishes. 

Sketch of proof. It is enough to compute 



fi{l),i^iS)) (4.29) 

(a,/3) 



for 7p, (5g's from Ei Er or 1 . As mentioned earlier, the invariant (4.29 1 is a polynomial in 



ti, t2. The second claim follows easily from Proposition |4.1[ To show the first claim, assume 



that P — d£ij for some i,j,d > 0. If at least one of 7^, S^s is 1, the invariant (4.291, being a 
rational number, is again zero by (ii + t2)-divisibility. 

Suppose that all 7p, (5g's are from Ei, . . . , E^. If at least one of 7^, 5q& is E„i for m ^ 



(4.291 also vanishes because the cover associated to the domain curve is connected and all 



ramification points above distinguished markings must go to either Xi or x^+i. Hence, it 



remains to evaluate (4.29 1 with 7^, 5q's from Ei or Ej, in which case the invariant is proportional 

to {ti+t2). 

When r > 1, we check that Ei ^ — and Ei ^ ~ b.^^^ [^j+i] ('^' means that the differ- 

ence between the left side and the right side can be written in terms of classes [xi+i], . . . , [xj\ and 
1 as long as we are working modulo {ti + ^2)); similarly, Ej ~ — j-[a;i] and Ej ~ —^j^^^[xj^i\. 
But when r = 1, i?i ~ ~ ^^[2^1] and Ei ^ ~-^[x2\. By the vanishing claims just verified, we 
can replace all 7p's with — ^-[xi] (resp. —^[xx]) and all Sq's with — ^^^[xj+i] (resp. —^[x2\) 



for r > 1 (resp. r = 1). The resulting invariant is not exactly the invariant (4.29). Instead, it 
is congruent modulo (ti + ^2)^ to 

|Aut(M7))l|Aut(K^l)|,^^.^^^^^^ 



|Aut(Ai)||Aut(z.)| \^'''' ' V(a,/3) 



We can thus execute localization calculations over those T-fixed loci defined in (4.1 1 (s = a) by 
imposing one more constraint on the source curve Cq: C^q carries the marking corresponding to 
/i and carries the marking corresponding to v because the ramification points associated 
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to ^ (resp. v) are mapped to Xi (resp. a^j+i). This means that in (4.11, Xq — ^, po = v 
and tJo = (fc). In this way, we obtain the above formula in terms of Hurwitz numbers after 
determining precisely each term in (l)-(3) of the proof of Proposition 4.1 (Here working 



modulo {ti + 12)^ suffices. A detailed calculation can be found in Theorem 2.3 of |CG| ). □ 



The Hurwitz numbers in Theorem 4.11 can be counted explicitly. In |GJVj . they are called 
one-part double Hurwitz numbers and satisfy 



^ |Aut(a)|g(a,(2)^(fc)) . ^ t/2 

^ &!n&-i sinh{t/2) f}^ 



sinh{ait/2) 



(4.30) 



for each partition a of k. Consequently, for each nonnegative integer 6, H{a, (2)'', (fc)) admits 
a closed- form expression. In other words. Theorem |4.8| and |4. 1 1| provide an effective method of 
computing 2-point extended invariants of [Sym"(^,.)] of nonzero degrees. With the equations 
in the following proposition, this also determines the divisor operators as a consequence of 
3-point extended invariants of zero degree being determined by the Gromov-Witten theory of 
[Sym"(C2)]. 

Proposition 4.12. Given any classes ai, . . . ,ak G Aj Q^{^[Sym"(^,.)]. We have 



,afe,(2))) 



du 



((ai, . . . ,afc)) 



and for each £ — 1, 



((ai, . . .,ak,Di)) = {{ai, . . .,ak,Di))\s^ s,=o + Si — {{ai, . . .,ak)). 

dst 



(4.31) 



(4.32) 



Proof. By definition, (ai, . . . , a^, (2))(-^ /3) — ('^ + 1) (Q^Ij • ■ • j '^k)(^a+i p) ' ^^'^ ^^"^ untwisted 



divisor equatio n {(3 ^ o r fc > 3), (ai, . . . , afe, = (tj£ • /3) (ai, . . . , a^/^^^) 

relations yield (4.311 and (4.32). (Note, however, that (4.321 is read as ((ai, . . . , a^, Z?^)) 
s,3f-((ai,...,afc)) forfc>3). 



These 
□ 



The sine function sin(it) is a rational function of e™, where = —1. It is straightforward 
to verify that extended 3-point functions involving (2) or Dg are rational functions in ^1,^2, 
e*", Si, . . . , by the above equations. 

On the other hand, we treat ( 4.31[ ) as a twisted divisor equation because it provides a 
means of pulling the twisted divisor (2) out. If we substitute q = — e*", we immediately obtain 
a relation on differential operators: 

d _ . d 
du dq 



With this, (4.311 seems quite close to the usual divisor equation. They are still different, 
though. 



5 Comparison to other theories 

5.1 Relative Gromov-Witten theory of threefolds 

,Pk of P^. Given a positive integer n and partitions Ai, . 

M*(AxP\(An);Ai,...,Afe) 



Fix k distinct points pi 
n, let 



Afe of 
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be the moduli space parametrizing genus g relative stable maps (c.f. |L1I IL2j ) to Ar x 
relative to Ar y. pi, . . . , Ar x pk with the following data: 

• the domains are nodal curves of genus g and are allowed to be disconnected; 

• the relative stable maps have degree {(3, n) E Ai{Ar x P^; Z) and have nonzero degree on 
any connected components; 

• the maps are ramified over the divisor Ar >^Pi with ramification type A;. The ramification 
points are taken to be marked and ordered. 

Given any cohomology weighed partition Xi{ffi), i = 1, . . . , fc, we have an evaluation map 
ev„- : M*(A X P\ (/?, n); Ai, . . . , A^) ^ Ar 

corresponding to the ramification point of type Xij over the divisor Ar x pi. The genus g 
relative invariant in the cohomology-weighed partitions Ai(rfi), . . . , \k{Vk) is defined by 

. „ k liXi) 

(Ai(^i),...,Afcfe))fx"^^ / nn<-(^'.-)- 

n»=i |Aut(A,(r/0)| ^[M-M.xpi;Ai,...,A.)r ,=1 jii 
We define the partition function by 

z'(A X pi)A,w,),...A.w.) - J2(^i{m), . . . , A,(,7..)>^^^'"'^-'^r^ • • • 

g 

However, we are more interested in the following shifted generating function 

GW(A X P')Mmh-M(v.) = w'"-^'-^^^('''z'(A X P'),,^fj,)_xuv,). (5.1) 

The partition function of relative theory of Ar x P^ was studied by Maulik. We refer the 
reader to [M] for more information. However, our results recover certain relative Gromov- 
Witten invariants by the following equalities. 

Theorem 5.1. For a = 1(1)", (2) or Dk, k ^ 1, . . . ,r, 

((Ai(rfi),a,A2(r/2)))[^^'""(-^'-)l = GW(A x P^)A,(m)-.A.W.). (5.2) 

Proof. When specialized to si = • • • = .s^ = 0, the equality (|5.2[) has been justified in [C]. In 



particular, (5.2) is valid for a = 1(1)" without the constraint. 

For a — (2) or Dk, the coefficients of u^s^'i . . . sp', where ji + ■ ■ ■ + jr > 0, match up on 



both sides of (5.2) by a direct comparison of Proposition 4.4 in [M^ with our results in Section 



4.5 Hence, (5.2 1 follows as well in this case. □ 



5.2 Quantum cohomology of Hilbert schemes of points 
5.2.1 Nakajima basis 

The Hilbert scheme Hilb"(^r) of n points in Ar parametrizes 0-dimensional closed subscheme 
Z of Ar satisfying 
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It is a smooth irreducible variety of dimension 2n and provides a unique crepant resolution of 
Sym"(^r), the so-called Hilbert-Chow morphism 

. Hilb"(A.) ^ Sym"(A). 

In order to study the structure of the cohomology yl^ (Hilb" ) , we review the Nakajima 
basis. Given any class 7 in Aj(Ar), there is an Heisenberg creation operator 

p_,(7) : AUmib'^iAr)) ^ A;+^"'+''^^(^)(Hilb'=+^(A)). 

Let A be a partition of n and ff :— (771, ■ ■ • , ?/£(a)) an associated £(A)-tuple with entries in 
A*(A-)m- Let |0) = 1 e A°{A°), we define 

1 '^^^ 1 

Choose a basis for Aj{Ar)m- The classes a\{f])'s, running through all partitions A of n and 
all ?7j e !8, give a basis for A^(Hilb"(A))m- They are called the Nakajima basis associated to 
05. 

5.2.2 Quantum cup product 

Let p^'^ : Ai(Hilb"(A); Z) -> Ai(Sym"(A); be the homomorphism induced by the Hilbert- 
Chow morphism p^'~^ . There are isomorphisms 

Ai(Hilb"(A);Z) ^ Ker{pf^) © Ai(Sym"(A); Z) ^ Ker{pf^) ® 

Let i be the class dual to the divisor — ai(l)"~^a2(l) on IIilb"(A)- It is an effective rational 
curve class generating the kernel Ker{p^'~^). For any classes ai,...,ak on Hilb"(A), we 
consider the /c-point function 

00 

(ai,...,afe) 2^ (ai, . . . ,afe)(^^_^^' ' q s\ • • • sj^ ^ (5.4) 

d=0 /3eAi(^^;Z) 

Now given any basis {5} for A^(Hilb"(A)) and {(5^} its dual basis. Define the small 
quantum cup product *crop on A5-(Hilb"( A)) by the 3-point functions as follows: 

Like the orbifold case, we define 

Q^;(Hiib"(A)) 

as the vector space A^(Hilb"(A))'X'Q[ti,t2]Q(^i, ^2)((<;, si, . . . , s^)) with the multiplication *crcp- 

5.2.3 SYM/HILB correspondence 

In Section |4] we provide a combinatorial description of any divisor operator on the ring 
orb(Py™"(-^'-)])- In |M01| . on the other hand, any divisor operator on A:[r(Hilb"'(A)) 
is expressed in terms of the action of affine Lie algebra gl(r -I- 1) on the basic representations. 
These two expressions are actually equivalent. To make this concrete, we construct a map 
relating certain bases of these two cohomologies. 
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Let i be a square root of —1. We make the substitution q = — e™. Put 

F = Q{i, ti,t2){{u, si, . . . , Sr)) and K = Q{tiM){{u, si, . . . , Sr)). 
We define a map L by 

This is obviously a one-to-one correspondence. Hence, L extends to a _F-linear isomorphism 
L : Q^;_„b([Sym"(A)]) ®k F ^ gAi(Hilb"(A)) ®k F. 

Roughly speaking, L maps T-fixed point basis to the Nakajima basis associated to the fixed 
point classes. We observe that the degree of aA(?7) is n — ^(A) + Ei=ldeg(77fe), the orbifold 
degree of A(rf). 

Denote by (•!•) as well the equivariant Poincare pairing on Hilb"(ylj.)- We know that if 
A ^ yO, {\{f])\p{9)) and {a\{f])\ap{9)) vanish; otherwise, the orbifold pairing on [Sym"(^,.)] and 
the pairing on Hilb"(^r) are related by 

{Km)\Km)) - {^ir'''^''\a^{m)\a^{m)) ■ 

In particular, L preserves (orbifold) Poincare pairings, i.e. {X{ff)\p{0)) — {L{X{ff)) \ L{p{9))) 
for all partitions A, p of n and cohomology classes 77^, 6'j's of AJ(^r)m- 
We have the following SYM/HILB correspondence. 

Theorem 5.2. The F-linear isomorphism L respects quantum multiplication by divisors: 

L{D *orb a) = L{D) *crop L{a) (5.5) 

for any class a and divisor D. 

Proof. For a = (2) or Dk and cohomology-weighted partitions Ai(^i), \2{^2), 

((Ai(,7i),«,A2(772)))[^^'""(^'-^l = GW(A X Pi),,(,~,),„,,,(^,) 

= (L(Ai(rfi)),i(a),L(A2(r72)))™^"(-^'-^ 



Indeed, the first equality is Theorem 5.1 while the second equality is Proposition 6.6 in [MOlj . 



As L preserves Poincare pairings, it follows from the above equalities that 

(i(Ai(^l) *orba) I L{\2m)) = mXlim)) *crepi(«) | i(A2(^2))). 



This implies that L respects quantum multiplication by (2) and D^'s. The assertion (5.5) now 



follows due to the fact that (2) and Dk's give a basis for divisor classes. □ 
5.3 An example 

Let's us do some explicit calculation for the divisor operator Di *orb — on Qj.jj([Sym^(^i)]). 
We substitute q = — e'" so that 

sin(7u)=i((-g)--^). 
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Consider the following basis 

^■.^{1{E^)1{E^), 2(i?i), l(l)l(i?i), 2(1), 1(1)1(1)}, 

whose elements are ordered according to their orbifold degrees. The matrix representation of 
the operator Di *orb — with respect to 55 is given by 



/2e(l~j^ v-V) iOijT tteV) -1 

V 1 + l-\-s/q'' ^l-\-sq 1 + s/g-' 

-o{i+s) n 



l+sq 1+s/q' 
2tlt2 






l+sq 1+s/q 










1-s 









where 9 := ti + t2 and s := si. This is also the matrix representation of the operator 



L{Di) *crop — 

with respect to the ordered basis X(S)(c.f. |M01j ). 

It is straightforward to check that Di *orb — has distinct eigenvalues. In particular, we have 
a basis {vi, . . . ^v^} of eigenvectors. By quantum multiplication by Di and the identity 1, we 
find 

Vi *orb Vi = Si Wj, for some Si ^ 0; 

Vi *orh Vj = 0, Vi 7^ j. 

So by replacing Vi with Vi/ Si, we may assume that {wi, . . . , us} is an idempotent basis; in which 
case, 

5 

1 = E«- (5-6) 

1=1 

Moreover, the Vandermonde matrix associated to the eigenvalues of Di *orb — is invertible. 
In other words, by (5.6) the set 

{l,D^,Dl,Dl,Dt} 

is a basis for the quantum cohomology QA^ ^^-^{\^yTi??{Ai)\). Similarly, L{Di) generates the 
quantum ring QAj(}iilh^{Ai)) ®k F. We conclude that 

L : gA^^,,b([Syni2(A)]) ®kF^ QAU^ilh^Ai)) ®k F 
is indeed an i^-algebra isomorphism. □ 



This simple example raises the question: Do divisor classes generate the whole quantum 
ring? In response to this, one may wish to examine the eigenvalues of divisor operators for 
bigger n. This, however, seems a difficult task to perform directly. 

If one of the operators (2) *oib — , F>k *orh — 's turns out to have distinct eigenvalues, the 
ring structure will be determined and L will be an i^-algebra isomorphism. The hypothesis 
has yet to be entirely verified and may seems a little too good to be true. It is reasonable to 
expect something weaker - maybe certain combination of these operators works. 



36 Wan Keng Cheong 



6 The Crepant Resolution Conjecture 

6.1 Nonderogatory Conjecture 

We name the following nonderogatory conjecture, but we claim no originality for the statement. 
The reader is urged to consult [MOl for a partial evidence of the conjecture. 

Conjecture 6.1 (jMOT]). Let L he as in Section^ The commuting family of the operators 

-^((2)) *crcp ~, L(Di) *crcp L(Dr) *crcp ~ 

on the quantum cohomology o/Hilb"(ylr) is nonderogatory. That is, its joint eigenspaces are 
one-dimensional. 

Let's briefly explain some consequences of the nonderogatory conjecture on our quantum 
cohomology rings. Set R = Q{i,ti,t2,q, si, . . . , Sr) and q — — e™. Since the quantum ring 
A^(Hilb"'(^r)) ^Qfti.ts] is semisimple, it admits a basis, say {vi, . . . ,v,n}, of idempotent 
eigenvectors summing to the identity 1. Note that the basis elements are also the simultaneous 
eigenvectors for L{{2)) *crcp -, H^i) *crcp -, • ■ ■,L{Dr) *crep -■ 

Suppose that eo/c, ei^, . . . , Crk are respectively the eigenvalues of the operators L((2))*crcp — , 
L{Di) *crep L(Dr) *crep — Corresponding to the eigenvector Vk. The nonderogatory 

property ensures that we can find numbers ao, ai, . . . , such that 

r r 

is a sequence of distinct elements. Therefore, the Vandermonde argument given earlier shows 
that the element oq • L{{2)) + J2]=i ■L{Dj) generates A^(Hilb"'(^r)) ®(i[ti,t2] R- This implies 
that Oo • (2) + Y^^j=i ■ generates the quantum cohomology of [Sym"(^r)] over R as well. 
We thus obtain the following "corollary"[^ 

"Corollary" 6.2. The divisor classes (2) and Di, . . . , Dr generate the quantum cohomology 
ring QAj ^j.^dSym'^ (Ar)]) , and any extended three-point function is a rational function in ii, t2, 
e*", Si, . . . , Sr. Under the substitution q = — e"', the map 

L : QA;_„,b([Sym"(A)]) <E>k F ^ QA;(Hilb"(A)) ®k F 
gives an isomorphism of F-algebras. □ 

On the other hand, we can match the orbifold Gromov-Witten theory with the relative 
Gromov-Witten theory: 

"Corollary" 6.3. 

((Ai(r/i),A2(??2), A3(r?3))) = GW(A x V^)\^iif^)M{m),\3{m)' 
for any cohomology-weighted partitions Xi(rfi), A2(??2); A3(773) ofn. □ 



^ Whenever we put a double quotation mark " ", we emphasize that the statement or word inside comes 
with the hypothesis of the nonderogatory conjecture. 
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6.2 Multipoint functions 

Once the nonderogatory conjecture holds, all extended 3-point functions arc known by "Corol- 
lary" |6.2[ In this situation, we are actually able to generalize "Corollary" |6.2| to cover multi- 
point invariants. This can be done by proceeding in an analogous manner to Okounkov and 
Pandharipande's determination of multipoint invariants of Hilb"(C^) (c.f. |0P1] ). 

Let i3 be a basis for the Chen-Ruan cohomology ^^^^{[Sym^ {Ar)]) ■ We recall the WDVV 
equation from |AGV2j . but we write it in terms of extended functions to better suit our needs. 
For the time being, we drop the superscript [Sym"(^r)]- 

Proposition 6.4 f |AGV2| ). Given Chen-Ruan classes ai, a2, as, 0:4, . . . , /3fc. Let S be the 
set {1, . . . , k}, we have 

Si O 52 = 5 766 

Here, for instance, ((«!, 02, ^Si , 7)) := ((ai,a2, Ai, ■ • ■ , Af,7» Si = {ii, ■ ■ -Je}- 

"Proposition" 6.5. All extended multipoint functions o/[Sym"(^r)] can be determined from 
extended three-point functions and are rational functions in ti, t2, e*", Si, . . . , s^- 

Proof. We may see this by induction. Suppose that any extended m-point function with m < k 
is known and is a rational function in ^1,^21 Si, . . . , s^. To determine extended (A: -I- l)-point 
function, it suffices to study 

N {(ao,ai,. . . ,ak)) 

for ao = (2)^ *orb *orb ■ ■ • *orb -D™'' , whcrc £, TOi, . . . ,mr are nonnegative integers. We 
may assume that t -{- mi + • • • -I- > 2 in light of Proposition |4.12| and the fundamental class 
axiom. Let's write ao = D *oih S for some D — (2) or Dj. Clearly, 

iV = ^((A5,7))((7\ai,...,afc)). 

Let S' = {1, . . . , /fc - 2}. By the WDVV equation, 

^{{D,6, 7))((7^,Q;s,afc_i,afc)) + ^{{D,S, as, 7)) ((7^, afc_.i, ttfc)) 
jeB leB 

jeB leB 

+ (terms with extended m-point functions, 3 < m < fc). 

This says that N is determined by lower point functions and extended (fc -I- l)-point functions 
with a ^-insertion. By replacing D*oib^ with S if necessary and continuing the above procedure, 
we conclude that N can be calculated from lower point functions and is a rational function in 
^1, t2, e*", si, . . . , Sr- By induction, our claim is thus justified. □ 

"Corollary" 6.6 (The Crepant Resolution Conjecture). Let q ~ — e"' and fc > 3. For any 

Chen-Ruan classes ai, . . . ,ak on [Sym"(^r)], we have 

((ai, . . . , a,))[S>"""(-^'-)l = (i(ai), . . . , i(afe))™'^"(-^'-). 
In particular, (ai, . . . , afc))!^*"""^-^'-)! = (L(ai), . . . ,L(afc))™'^"(-^'-)|,=_i. 
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Proof. We suppress the indices [Sym"(ylr)] and Hilb"(ylr)- The proof of "Proposition" 6.5 
works as well for multipoint functions on Hilb"(^r)- What makes things nice is that we 
get exactly the same set of WDVV equations on both [Sym"'(^j.)] and Hilb"(^r) sides via 
L provided that we have the equalities: ((ai, 02, as, D)) = {L{ai) , L{a2) , L{a3) , L{D)) for 
D = (2) and Dj for j — 1, ... , r. But these are clear by divisor equations and "Corollary" 6.2 



Thus by a recursive argument, we conclude that L preserves (extended) multi-point functions 
and the first claim follows. The second claim is now clear. □ 



6.3 Closing remarks 

All "results" discussed above are honestly true for the case n — 2 and r = 1 since the divisor 
operator Di *orb ~ has distinct eigenvalues and determines the orbifold quantum product. 

Also, in the definition of the map L, we may choose —i instead of i, in which setting the 
correct change of variables is q ~ — e~™. As a matter of fact, the transformation q 1 — > ^ 

takes ((Ai(77i),...,Afe(%)))Py-"(-4'-)l to -sc(a,)^^^^(^^)^ ^ _ ^ ^^(^^)^^[Sym"(A-)]. To 

illustrate this, just look at the matrix in Section [5.3[ There we observe that terms involving q 
and i agree up to a sign. 

The calculation of [Sym"(^r)]-iiivariants in Section [4] gives an indication that these invari- 
ants might be closer, geometrically and combinatorially, to the relative invariants of Ar x 
than the invariants of Hilb"(y^r)- In reality, it is the form the relative invariants take that 
motivates our calculation. We do know that GW{Ar x P^)Ai(i)i),...,Afc(?7fc) can be "reduced" to 
the 3-point case by the degeneration formula (c.f. [H])- It is, however, unclear if the WDVV 
equation "behaves" in a similar way to the degeneration formula. At the moment, we expect 
that the equality 

((Ai(^-i), . . .^XkiVkW^'"'"^^'-^^ = GW(A X pi)A,(,^o,...,A.(^.) 

should also be true. Particularly, the usual fc-point function {Xi{f]i) , . . . , Xkiffk))^^^"^ 
should be the coefficient of u^^ti ago(A,)-2n 2'(A- x P^)Ai(^i),-,Afe(^fe)- 
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